Abstract. During the two last decades, theories of soft-particles have been introduced and developed in order to describe the behavior of bacteria and viruses which can be considered as the bio-colloid particles. Soft particles are assumed to consist of a rigid core inside an ion-permeable shell. The outer layer is always negatively charged while the core can be neutral or charged. In this paper, we investigate the interaction between two identical soft-particles with charged cores. We derived the analytic formula for the interaction energy in a compact form. We showed that the interaction energy involves a screened Coulomb-like interaction term with a distance-independent coefficient. The numerical calculations showed that the interaction energy has very small amplitude and exponentially decays on the distance between the soft particles. The results indicate that it is possible to measure this kind of interaction energy when the system is put into a salt solution with the concentration low enough.
I. INTRODUCTION
Removal of the bacterial and viral pathogens has been always the biggest obstacle in the way of finding out novel water treatment and reuse methods which are low-cost and effective. Many experiments have been conducted for understanding of the factors that have influence on the disinfection process. It is pointed out that the efficiency of the treatment may depend on the interactions among the microbes, on the interaction of the microbes with environmental surfaces, and can be controlled by the water quality parameters such as the pH and hardness or ionic strength. In order to exploit the mechanism lying behind these behavior properties, theoretical modeling efforts have been made, mostly by H. Oshima [1, 2] in his so-called "soft particle electrokinetic theory" (SPE) [2] [3] [4] [5] . Here, the protein capsid of the bacteria and virus was described as a softpolyelectrolyte layer which is negatively charged. The word "soft" signifies that it can allow the free-ions and fluid flaws of the aqueous medium in which the particle was immersed to permeate through. This soft layer encloses a hard-core which symbolizes for the part containing the genetic material of the microbial. In SPE, the particle core was of neutral charge and ion nonpenetrable. The model has been successfully applied to investigate the electrophoresis properties of bacteria such as E. coli, S. aureus [6] and MS2 bacteriophage with removed-RNA [7, 8] . By solving the Poisson-Boltzman equation (PBE) and Navier Stock equation for particle motion, the electrophoresis mobility (EPM) of a single soft particle has been derived. The non-zero EPM at infinity ionic strength was predicted. This was a very important contribution of SPE theory which has been proved by experimental data [9, 10] .
Other authors have contributed on the refinement of SPE theory by modifying the electrostatic structure of the model. It has been shown that either the heterogeneous properties of the soft layer [7, [11] [12] [13] or the non-neutral charge of the inner core [14] [15] [16] [17] would take strong effect on the particle EPM value.
Along with EPM, the data of self-aggregation rate and adhesion efficiency to an environmental surface of microbial system are also important information. These quantities are stipulated by the interaction among the microbial themselves, or between the microbial and the environment surfaces. Therefore, the soft-particles interaction problem is essential in theoretical development. This problem has been studied in Ohshima works, however restricted in simplest limits where the particles are pure colloid (i.e., no soft layer), or pure soft (i.e, zero core-sized) [1] . Interaction in general case, where the soft particles have both charged-core and charged-soft outer layer, has never been mentioned in literature, and thus is the purpose of this works. In this paper, we first derive the expression of interaction energy between two identical soft-particles. We then also perform the numerical calculations for investigating the dependence of interaction energy on the distance between the soft particles and the concentration of salt solution.
The paper is organized as follows. Section II is devoted to the descriptions of the model and the electric potential solution for the Poisson-Boltzmann equation. The analytical and numerical calculations for the interaction energy are also presented and discussed in this section. Conclusions are given in Section III.
II. THE INTERACTION BETWEEN TWO SOFT PARTICLES

II.1. The model
We present in this section the description of the soft-particle with charged hard core. The model is developed from Ohshima model [3] for the non-treated virus where the bulk RNA is taken into account. Let us discuss on the structure of MS2 bacteriophage [7, 8] composed of the bulk RNA, RNA protein-bound, and the protein coat layers. The capsid layer (protein coat) is permeable to the solution and salt ions. The RNA-protein bound prevents water molecules from entering the RNA core. In our model, we supposed that the layer is ion-impermeable to the condition that no more ions flow into the bulk RNA because the core is in a saturated state and hence the volume charge density of the core is reduced to an effective one [8] . We define the "hardcore" to be a combination of the RNA protein bound layer and the bulk RNA. Mathematically, we can assume that the protein bound-layer (cover of the core) is of zero thickness. Let us consider a system of two identical soft particles separated by distance R, labeled by an index i (i = 1, 2), immersed in a 1:1 electrolyte solution (see in Fig. 1 ). The soft particle is assumed to contain a spherical hard core of radius a which is surrounded by a concentric shell of polymer-like material (inner radius a, outer radius b). To simplify the presentation we use the subscript notation c and s to denote the core and the shell layer of particle. We denote the uniform charge density of the core and shell layers by ρ c > 0 and ρ s = NZe with N, Z and e being the number of atoms per unit volume, the atomic number and the electron charge, respectively.
II.2. Electric potential
We denote by ϕ(r r r) the electric potential at an arbitrary point in space due to the distributed charges of a soft particle, where r r r is a vector of magnitude r from the origin (at the center of particle) to the point. This potential can be obtained by solving the Poisson-Boltzmann equation [14] . The general form of this equation in spherical coordinates reads
with ρ m and m being the volume charge density and the relative permittivity of the material, and 0 the permittivity of free space. κ is the Debye-Hückel parameter [18] which determines the range of interaction between the particles in the solution and is defined by
for 1:1 electrolyte solution such as sodium nitrate, sodium chloride, etc. I = (1/2) ∑ 2 j=1 (n j z 2 j ) denotes the ionic strength of the solution with n j and z j being the total number of ions and the charge number of species j in the solution. k B is the Boltzmann constant and T is the temperature.
s is the relative permittivity of the solution which is assumed to be the same as the one of shell layer of soft particle.
Note that κ = 0 inside the core of particle (r < a) because the mobile ions are only present in the solvent region. In addition, the volume charge density ρ m outside the soft particle (r >
o the potentials inside the core, inside the shell and outside the particle i. Thus, the equation (1) becomes
Here ρ c and ρ s are the volume charge density of the core and the shell of soft particle, respectively. The boundary conditions for the potential read
c 0
Solving the equations (3)-(5) subject to the boundary conditions (6)- (8), we obtained the solutions for the potential 
in the regions (r < a), (a < r < b) and (r > b), respectively.
II.3. Interaction energy
In our model, we assumed that the two soft particles are not overlapped with each other. Because the potential obeys the superposition principle, the total potential of the system at any point P in the space (see in Fig. 1 ) could be expressed as
where r i = |r r r i | (i = 1, 2). The interaction energy [1, 14] of this system could be obtained by
with F being the Helmholtz free energy at a given separation R > 2b and at infinite separation (R → ∞) which is given by
and
in which ρ (i) m and V (i) are the volume charge density and the volume of particle i. Substituting the equations (14) and (15) into (13), we have (2) . (16) The distances from the two particles to a given point obey the relation r 2 = R 2 + r 2 1 − 2Rr 1 cos θ 1/2 .
For simplicity, we change the notations from r 1 to r, r 2 to r . The volume element in spherical coordinates is dV = 2π sin θ dθ r 2 dr, so the equation (16) can be rewritten in the form
Integrating Eq. (17) using the formula of potential (11), we have
κa e κ(b+a)
κb e κ(b+a)
The equations (18) and (19) indicate that the interaction energy has been separated into two terms, one depends on the composition of particle and the other one exponentially decays on the separation R. Now, we consider the two limit cases for verifying the analytical calculations.
i) The particles have only the hard core. By setting ρ s = 0 in Eq. (19), we obtain
κR .
Moreover, in the case of salt-free aqueous solution κ → 0, the expression of energy has a well-known form of Coulomb interaction between the two individual charges
with Q core = 4πa 3 ρ c /3 being the total charge in the spherical core of radius a. ii) In the case the particles are without the core a → 0, the model reduces to a system of two completely ion-permeable particles [1] . So, we should get back the same expression for the interaction energy
Before closing this section, let us perform the numerical calculation for the interaction energy using the following parameters of the bacteriophage MS2 virus [19] . The viruses consist of an inner RNA component and an outer capsid shell which are corresponding to the core and the shell of the soft particle of radii a = 11.3 nm and b = 13.4 nm, respectively. For the solution of sodium nitrate (NaNO 3 ) in water at room temperature T = 300 K, we take s = 78, z j = 1, n j = 1000N a c with c the concentration of ions in units of molar and N a the Avogadro constant. Thus, the Debye length can be evaluated as κ −1 = 3.04 × 10 −10 / √ c, which is expressed in meters. The volume charge densities in the core and in the soft layer are ρ c = −4.8243 × 10 6 C/mol and ρ s = −2.4121 × 10 6 C/mol. The interaction energy (18) is numerically evaluated and presented in Fig. 2 for several values of salt concentration. It clearly shows that the interaction energy exponentially decreases with increasing the distance between the two soft particles as well as strongly depends on the salt concentration conditions. For example, at the distance R = 30 nm where the two particles are almost close to each other, the energy is about 2.831 eV for c = 1 mM which is ten times greater than that for c = 5 mM. Furthermore, the energy is around zero at any distance R for higher concentration (c ≥ 10 mM). These effects could be easily explained as the Coulomb interaction between the charges through an electrostatic screening of salt solution.
The solution with a higher ion concentration can cause a stronger screening which reduces the interaction energy.
III. CONCLUSION
The interaction between the viruses in a biology system has been demonstrated in a simplest case consisting of the two identical soft particles. From the solution of the set of PoissonBoltzmann equations, we have obtained the analytical expression for the interaction energy of this system. The results are verified by investigating the two limit cases in which the particles are without the shell layer or without the hard core. It is excellent agreement with the previous theory [1] .
Our results showed that the Coulomb-like interaction between the soft particles is quite weak. The energy is only a few electronvolt for a system of the packed particles in a low concentration of salt ions. For the experimental measurements, one has to choose the salt concentration conditions around 1.0 mM in order to identify the interaction energy. The results can be also developed for studying more complex models such as the system of the soft particles with different sizes, or a system of the soft and metal particles,... These are the motivations of our future works.
